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Abstract
In this paper we introduce the notion of property of Kelley hereditarily. Among other results we
prove that a continuum X is hereditarily locally connected if and only ifX has the property of Kelley
hereditarily and X is arcwise connected. This is a generalization of a theorem due to Czuba. Ó 2000
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1. Introduction
A continuum is a compact, connected, metric space. The letter X will denote a
nondegenerate continuum with metric d . For a positive number r and a point a ∈ A, the
symbol Br(a) will represent the r-ball around a. For a non-empty closed subset A of X
and a positive number ε we define
N(ε,A)=
⋃
a∈A
Bε(a).
The hyperspace of all non-empty closed subsets of X will be denoted by 2X, and C(X)
will denote the hyperspace of all subcontinua of X. Both, 2X and C(X), are metrized by
the Hausdorff metric H . The symbol I will represent the closed unit interval [0,1] in the
real line. The letter N will denote the set of positive integers. For a subset F of X, ClX(F)
and IntX(F) will denote the closure and interior of F in X, respectively.
We said that X has the property of Kelley at some point a ∈X (see [14]) provided that
for each ε > 0 there exists δ = δ(a, ε) > 0 such that if b ∈ Bδ(a) and a ∈ A ∈ C(X) then
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there exists B ∈ C(X) such that b ∈ B and H(A,B) < ε. We said that X has the property
of Kelley if X has the property of Kelley at each of its points.
It is well known that X has the property of Kelley at a ∈ X if and only if for each
sequence (an)n in X converging to a and each A ∈ C(X) with a ∈ A, there exists a
sequence (An)n in C(X) converging to A, such that an ∈An for each n ∈N (see [3, p. 74]).
It is easy to see that locally connected continua have the property of Kelley.
We said that X has the property of Kelley hereditarily if all its subcontinua have the
property of Kelley.
The property of Kelley was introduced in [9, 3.2]. Kelley used this property to investigate
contractibility of hyperspaces. Since then, different aspects of this property have been
studied, many of them not related to hyperspaces.
In this paper we study the property of Kelley hereditarily. Our main result is the
following characterization of hereditarily locally connected continua:
Theorem 1.1. A continuum X is hereditarily locally connected if and only if X has the
property of Kelley hereditarily and X is arcwise connected.
This result generalizes the following theorem: a dendroid X is a dendrite if and only if
X has the property of Kelley hereditarily (see [4,13]).
2. The property of Kelley and cut points
A topological space S is said to be connected im kleinen at p ∈ S (cik at p), provided
that p has a basis of (not necessarily open) connected neighborhoods. It is easy to see that
if X is cik at p, then X has the property of Kelley at p. As a kind of converse of this result
we have the next theorem.
Theorem 2.1. Suppose that X has the property of Kelley at the point p ∈X. If p is a cut
point of X, then X is cik at p.
Proof. Let P andQ be two open, non-empty and disjoint subsets ofX such thatX−{p} =
P ∪Q, and let ε0 > 0. Define P ∗ = P ∪ {p}, Q∗ =Q ∪ {p} and fix points x0 ∈ P −Q∗
and y0 ∈Q−P ∗. Then there exists 0< ε < ε0 such that Bε(x0)∩Q∗ = ∅ = Bε(y0)∩P ∗,
N(ε,P ∗)⊂ P ∪Bε0(p) and N(ε,Q∗)⊂Q∪Bε0(p). Moreover, by the property of Kelley
at p, there exists 0< δ < ε such that for each x ∈ Bδ(p) we can take D,D′ ∈ C(X) such
that x ∈D ∩D′, H(D,Q∗) < ε and H(D′,P ∗) < ε.
Take x ∈ Bδ(p) − {p}. Without loss of generality assume that x ∈ P . Let D ∈ C(X)
be such that x ∈ D and H(D,Q∗) < ε. This implies that D ∩Q 6= ∅. Then D − {p} =
(P ∩D)∪(Q∩D) is a separation ofD−{p}. ThusE = (P ∩D)∪{p} is closed, connected,
x,p ∈E and E ⊂ Bε0(p). Therefore X is cik at p. 2
Corollary 2.2. A continuum with the property of Kelley is cik at each of its cut points.
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With a similar argument, the following theorem can be proved:
Theorem 2.3. Assume that X has the property of Kelley hereditarily. Let A ∈ C(X) and
let α be an arc in X such that A∩ α = {p}. Then A is cik at p.
Theorem 2.4. A nondegenerate arcwise connected continuum with the property of Kelley
hereditarily is hereditarily decomposable.
Proof. Let A ∈ C(X). Suppose that A is a nondegenerate indecomposable continuum,
then A is not cik at any of its points and A is not arcwise connected. Therefore there exist
p,q ∈ A and a one-to-one map β : I → X such that β(0)= p, β(1) = q and β(I) * A.
Take β(t0) ∈ β(I)−A and let t1 =min{t ∈ [t0,1]: β(t) ∈A}. Then β([t0, t1]) is an arc in
X such that A∩β([t0, t1])= {β(t1)}. By Theorem 2.3, A is cik at β(t1). This contradiction
proves that A is decomposable. 2
3. Composants
Recall that a continuum X is said to be irreducible between p and q provided that
p,q ∈X and no proper subcontinuum of X contains p and q . We say that X is irreducible
if there exist two points p and q in X such that X is irreducible between p and q . If X is
a nondegenerate continuum and p is a point in X, then the composant of p in X is the set
κ(p) defined by
κ(p)= {x ∈X: X is not irreducible between p and x}.
If κ(p) 6= X then p is called a point of irreducibility of X. In [15, Theorem 11.2,
p. 17] it is proved that if X is a continuum and p,q ∈ X, then X contains an irreducible
subcontinuum between p and q . Recall that a subcontinuum F of a continuum X is
terminal in X if for every B ∈ C(X) such that B ∩F 6= ∅, we have that B ⊂ F or F ⊂ B .
Theorem 3.1. Let X be a nondegenerate hereditarily decomposable continuum. Let p be
a point of irreducibility of X and F =X− κ(p). Then
(1) F is a subcontinuum of X,
(2) F is terminal in X,
(3) if there exists a point y ∈ F such that X is cik at y , then F = {y}.
Proof. In [10, Theorem 11.4] it is proved that F is connected and by hypothesis F 6= ∅. In
order to prove that F is closed, assume on the contrary that there is a point x ∈ ClX(F)−F .
Fix a pointw ∈ F . Let A be a proper subcontinuum ofX such that p,x ∈A. Let B ∈ C(X)
be such that B is irreducible between x and w. Since X is hereditarily decomposable there
exist proper subcontinua C and D of B such that B = C ∪D. Without loss of generality
assume that x ∈ C. Notice that w /∈ C, w ∈ D, x /∈ D and w /∈ A. Since w ∈ F and
A ∪ C ∪D is a subcontinuum of X containing p and w, we have that X = A ∪ C ∪D.
SinceX−D is open and contains x , and x ∈ ClX(F), there exists a point z ∈ (X−D)∩F .
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Then z ∈ (A∪C)∩F . This is a contradiction since A∪C is a proper subcontinuum of X.
This proves (1).
In order to prove that F is terminal in X, let B ∈ C(X) such that B ∩F 6= ∅ and B * F .
Take points x ∈ B − F and y ∈ B ∩ F . Then there exists a proper subcontinuum C of X
such that p,x ∈ C. Since B ∪C is a subcontinuum of X containing p and y , X = B ∪ C.
This implies that F ⊂ B . Therefore, F is terminal in X.
Assume now that X is cik at some y ∈ F . Suppose that there exists some point
x ∈ F − {y}. Take 0 < ε < d(x, y) and a connected subset G of Bε(y) such that y ∈
IntX(G). LetH be the component ofX−ClX(G) which contains p. By [10, Theorem 5.4],
ClX(H)∩ClX(G) 6= ∅. Since p,y ∈ ClX(H)∪ClX(G) and y ∈ F ,X = ClX(H)∪ClX(G).
In particular x ∈ ClX(H). Now, since ClX(H) ∈ C(X), p,x ∈ ClX(H) and x ∈ F , X =
ClX(H). Then y ∈ ClX(H)∩ IntX(G) and therefore H ∩ IntX(G) 6= ∅. This contradiction
proves that F = {y}. 2
4. Hereditary local connectedness and property of Kelley hereditarily
In [5, Theorem 2], it is proved that every hereditarily arcwise connected continuum X
which is not locally connected, contains a pseudocomb, i.e., a subcontinuum S of X such
that S = A∪ (⋃n∈N anbn), where
(a) A is a subcontinuum of X.
(b) For each n ∈ N, anbn is an arc in X which joins the points an and bn, such that
A∩ anbn = {bn}.
(c) The arcs a1b1, a2b2, . . . are mutually disjoint.
(d) anbn→A0 for some A0 ∈C(A), an→ a0 ∈A0, bn→ b0 ∈A0 and a0 6= b0.
We will use this fact to prove the following theorem.
Theorem 1.1. A continuum X is hereditarily locally connected if and only if X has the
property of Kelley hereditarily and X is arcwise connected.
Proof. (⇒) Locally connected continua are arcwise connected (see [10, Theorem 8.23])
and have the property of Kelley (see [9, Proof of 4.1]).
(⇐) Let p,q ∈X be such that p 6= q . Fix a subcontinuumA of X with the property that
A is irreducible between p and q . Define
F = {y ∈A: A is irreducible between p and y}.
By Theorem 2.4, X is hereditarily decomposable. Then it is possible to apply Theo-
rem 3.1 to the space A and obtain that F has properties (1)–(3) in that theorem. We assure
that:
(A) F = {q}.
Suppose on the contrary that F 6= {q}. By Theorem 3.1(3), A is not cik at any of the
points of F . Let α : I → X be a one-to-one map such that α(0) = p and α(1) = q . Let
t0 = min{t ∈ I : α(t) ∈ F } and x0 = α(t0). Clearly t0 > 0. Let 0 6 r1 < t0 be such that
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diam(α([r1, t0])) < 1. Since F is terminal in A, α([r1, t0]) * F and F * α([r1, t0]) it
follows that α([r1, t0])*A. So there exists r1 6 s1 < t0 such that z1 = α(s1) ∈ α(I)−A.
Let t1 =min{t ∈ (s1, t0]: α(t) ∈A} and x1 = α(t1). By Theorem 2.3, A is cik at x1, so
t1 < t0. Now, let t1 < r2 < t0 be such that diam(α([r2, t0])) < 12 . Proceeding as above, we
have that α([r2, t0]) * A so, there exists r2 6 s2 < t0 such that z2 = α(s2) ∈ α(I) − A.
Now, define t2 =min{t ∈ (s2, t0]: α(t) ∈ A} and x2 = α(t2). Again, by Theorem 2.3, A is
cik at x2, so t2 < t0 and obviously t1 < t2.
Proceeding in this way, it is possible to construct an increasing sequence (tn)n ⊂ I such
that tn→ t0 and for each positive integer n, xn = α(tn) ∈ A− F , α([tn, t0])* A and A is
cik at xn.
Now, fix a point y ∈ F − {x0} and a subcontinuum C of F such that C is irreducible
between x0 and y . Since X in hereditarily decomposable (Theorem 2.4), there exist proper
subcontinua D and E of C such that C =D ∪E. Without loss of generality assume that
x0 ∈D. Then y ∈E−D. Since A has the property of Kelley, there is a sequence (Dn)n in
C(A) such that xn ∈Dn for each n ∈N and Dn→D.
Take δ > 0 such that B2δ(x0) ∩ E = ∅ = B2δ(y) ∩ D, and let N ∈ N be such that
α([tN , t0]) ⊂ Bδ(x0) and H(Dn,D) < δ for each n > N . Then y /∈ Dn for each n > N .
Since F is terminal in A and A is cik at xn, it follows that Dn ∩ F = ∅ for each n > N .
Since Dn→D, the set Y = α([tN , t0]) ∪ C ∪ (⋃n>N Dn) is closed in X and, clearly, Y
is connected. Thus Y ∈ C(X). Take d ∈D ∩E and let (dn)n be a sequence in X such that
dn→ d and dn ∈Dn for each n ∈N.
Since Y has the property of Kelley, there is a sequence (En)n in C(Y ), such that
dn ∈En for each n>N and En→E. Take M ∈N such that M >N and H(E,EM) < δ.
Since α([tN , t0]) ⊂ Bδ(x0), EM ⊂ Y − α([tN , t0]) so EM ⊂ A. Now DM ∩ F = ∅ so
dM ∈ EM − F . Since x0 ∈ F − EM and F is terminal in A, EM ∩ C = ∅. This implies
that EM ⊂⋃n>N Dn ⊂ N(δ,D). Since E ⊂ N(δ,EM), it follows that E ⊂ N(2δ,D).
ThereforeD ∩B2δ(y) 6= ∅. This contradiction proves that F = {q}.
Now, we will prove that:
(B) X is hereditarily arcwise connected.
Take A ∈ C(X), p,q ∈A with p 6= q and B ∈C(A) such that B is irreducible between
p and q . We will prove that B is an arc. In order to do this, take x ∈ B − {p,q} and
C,D ∈ C(B) such that C is irreducible between p and x , and D is irreducible between x
and q . Clearly B = C ∪D.
We assure that C ∩D = {x}. To see this, assume on the contrary that there exists a point
y ∈ C ∩D− {x}. Applying (A) to C,p and x , it follows that x is the only point of C such
that C is irreducible between p and x . So there exists a proper subcontinuumK of C such
that p,y ∈ K . Similarly, x is the only point of D such that D is irreducible between q
and x . Therefore, there exists a proper subcontinuum L of D such that y, q ∈ L. Notice
that x /∈ K ∪ L. But, by the irreducibility of B between p and q , B = K ∪ L and then
x ∈K ∪L. This contradiction shows that C∩D = {x}, so B−{x} = (C−{x})∪ (D−{x})
is a separation of B−{x} and consequently we have that B has at most two non-cut points.
156 G. Acosta, A. Illanes / Topology and its Applications 102 (2000) 151–162
Since X has at least two non-cut points [10, Theorem 6.6], we conclude that B is a
continuum with exactly two non-cut points. Therefore, by [10, Theorem 6.17],B is an arc.
This shows that A is arcwise connected.
Now, we assure that:
(C) X is locally connected.
Suppose on the contrary that X is not locally connected. Then by [5, Theorem 2], X
contains a pseudocomb S =A∪ (⋃n∈N anbn), where A and each anbn have the properties
described above. By (B), A0 is arcwise connected, so there exists a one-to-one map
α : I → A0 such that α(0) = a0 and α(1) = b0. Let c = α(1/3) and d = α(2/3). Since
S has the property of Kelley, there is a sequence (Dn)n in C(S) such that an ∈Dn for each
n ∈N and Dn→ α([0,2/3]).
Let ε > 0 be such that B2ε(b0) ∩ α([0,2/3]) = ∅ and let N ∈ N be such that bn ∈
Bε(b0) and H(Dn,α([0,2/3])) < ε for each n > N . Notice that Dn ⊂ S − {bn} for each
n > N . Since S − {bn} = (anbn − {bn}) ∪ (S − anbn) is a separation of S − {bn} and
an ∈Dn ∩ (anbn − {bn}) we have that Dn ⊂ anbn.
Let (cn)n be a sequence in S such that cn ∈ Dn for each n ∈ N and cn → c. Then
cn ∈ anbn and cn 6= bn for each n > N . Notice that the set Z = A ∪ (⋃n>N cnbn) is a
subcontinuum of S, where cnbn is the subarc of anbn which joins cn and bn. Then Z has
the property of Kelley and therefore, there exist two sequences (En)n>N and (Fn)n>N in
C(Z), such that for each n>N , cn ∈En∩Fn ,En→ α([0,1/3]) and Fn→ α([1/3,2/3]).
Proceeding as before, we can prove that there is M > N such that, for each n >M ,
Fn ∪ En ⊂ cnbn. Now, let δ > 0 be such that B2δ(a0) ∩ α([1/3,2/3]) = ∅ = B2δ(d) ∩
α([0,1/3]) and take m>M such that H(Fm,α([1/3,2/3])) < δ, H(Em,α([0,1/3])) < δ
and d(am,a0) < δ. Then it is easy to see thatEm, Fm and amcm are three subcontinua of the
arc ambm with the common point cm and such that no one of these sets is contained in the
union of the other two. This contradiction completes the proof thatX is locally connected.
Finally, we have:
(D) X is hereditarily locally connected.
Let A ∈ C(X). Then A has the property of Kelley hereditarily and is arcwise connected.
Then A satisfies the same hypothesis as X. So we can apply (C) to the continuum A and
obtain that A is locally connected. 2
Corollary 4.1 (Compare with [13, Theorem 2.1]). If X is a dendroid, then X has the
property of Kelley hereditarily if and only if X is a dendrite.
5. The property of Kelley and∞-ods
Let n ∈ N. Recall that a continuum X is an n-od (respectively ∞-od) provided that
X contains a subcontinuum B (called the core of X) such that X − B has at least n
components (respectively an infinite number of components). X is said to be atriodic if
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contains no 3-ods. The next theorem relates the property of Kelley with the existence of
∞-ods.
Theorem 5.1. If X has the property of Kelley but not the property of Kelley hereditarily,
then X contains an∞-od.
Proof. Let A be a subcontinuum of X without the property of Kelley. Then, there exist
(a) a point a in A,
(b) a sequence of points (an)n in A, and
(c) a subcontinuumK of A
such that an→ a, a ∈K and:
(A) There does not exist a sequence of subcontinua (Ln)n in C(A)
such that an ∈ Ln for each n ∈N and Ln→K .
However, X has the property of Kelley, then there is a sequence (Kn)n in C(X) such
that an ∈ Kn for each n ∈ N and Kn→ K . By (A), there are infinitely many n such that
Kn *A. Taking a subsequence, if necessary, we may assume that Kn *A for every n.
For each n ∈ N, let Cn be the component of A ∩Kn which contains an. If there exists
N ∈N such that Cn ∩K 6= ∅ for all n>N , then setting Ln =K ∪Cn for n>N we obtain
a contradiction with (A). Hence, there exists an infinite subset J ofN such that Cn∩K = ∅
for each n ∈ J .
We will construct, inductively, and increasing sequence (nm)m of natural numbers and a
sequence (Dm)m in C(X) such that Cn1 (D1 ⊂Kn1 −K and:
(B) Cnm (Dm ⊂Knm − (K ∪D1 ∪ · · · ∪Dm−1) for each m> 2.
In order to do this, take n1 as the first element of J . Let U be open in Kn1 and a proper
subset of Kn1 such that Cn1 ⊂ U ⊂ ClX(U) ⊂ Kn1 − K . Let D1 be the component of
ClX(U) such that Cn1 ⊂D1. From [10, Theorem 5.4], Cn1 (D1. Clearly, D1 ⊂Kn1 −K .
Now, assume that n1, n2, . . . , nr and D1,D2, . . . ,Dr have been constructed and they
satisfy (B). If Cn ∩ (D1 ∪ · · · ∪ Dr) 6= ∅ for each n ∈ J − {n1, . . . , nr }, it follows that
K ∩ (D1 ∪ · · · ∪ Dr) 6= ∅ which is a contradiction. So, there exists nr+1 ∈ J such that
nr+1 > nr + 1 and Cnr+1 ∩ (D1 ∪ · · · ∪Dr)= ∅. Notice that nr+1 > nr .
Let V be open in Knr+1 and a proper subset of Knr+1 such that
Cnr+1 ⊂ V ⊂ ClX(V )⊂Knr+1 − (K ∪D1 ∪ · · · ∪Dr).
Let Dr+1 be the component of ClX(V ) such that Cnr+1 ⊂Dr+1. From [10, Theorem 5.4],
Cnr+1 (Dr+1. Therefore,Dr+1 satisfies (B). This completes the induction.
Now, since Cnm is a component ofKnm ∩A and Cnm (Dm ⊂Knm , it follows thatDm *
A. Since lim supDm ⊂K ⊂ A the set D = A ∪ (⋃m∈NDm) is closed in X and, clearly, it
is connected. Therefore, D is a subcontinuum of X. Since D −A=⋃m∈N(Dm −A) and
each set Dm−A is nonempty and open and closed in D−A, we conclude that D−A has
infinitely many components. ThereforeD is an∞-od. 2
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Corollary 5.2. Each atriodic continuum with the property of Kelley, has the property of
Kelley hereditarily.
6. Compactifications of [0,∞) with the property of Kelley
In this section we study the metric compactifications of the space S = [0,∞) which
have the property of Kelley. The following lemma is easy to prove:
Lemma 6.1. Let X be a metric compactification of S. Let R =X− S be the remainder of
X. Then each subcontinuumA of X satisfies one of the following conditions:
(1) A is a subcontinuum of R.
(2) A=R ∪ [a,∞) for some a ∈ S.
(3) A is a bounded closed subinterval of S.
Theorem 6.2. Let X be a metric compactification of S. If X has the property of Kelley,
then X is atriodic.
Proof. Assume on the contrary that there exists a subcontinuum A of X that is a triod.
Then A is not a subinterval of S. If R denotes the remainder of the compactification then
A=R ∪ [a,∞) for some a ∈ S or A is a subcontinuum of R.
First suppose that A = R ∪ [a,∞) for some a ∈ S and let B be the core of A. We
consider three cases:
(a) If B is a subcontinuum of S, then A−B has at most two components.
(b) If B is of the form B =R ∪ [b,∞) then A−B has at most one component.
(c) If B is a subcontinuum ofR, then since [a,∞) is connected and [a,∞)⊂A−B ⊂
ClX([a,∞)), A−B is connected.
In any case A−B has at most two components. This is a contradiction sinceA is a triod.
Now, suppose that A is a subcontinuum of R. Since A is a triod, there exist three
mutually separated and nonempty subsets C,D and E of A such that A−B = C ∪D∪E.
Notice that B ∪ C,B ∪ D and B ∪ E are subcontinua of X. Fix a point b ∈ B and let
(bn)n be a sequence in S such that bn→ b. Since X has the property of Kelley there are
three sequences (Cn)n, (Dn)n and (En)n of subcontinua such that Cn→ B ∪ C,Dn→
B ∪D,En→B ∪E and bn ∈ Cn ∩Dn ∩En for each positive n. Then Cn,Dn and En are
not subcontinua of R for each n ∈N.
If, for infinitely many n, Cn is of the form Cn = R ∪ [cn,∞) with cn ∈ S, then
R ⊂ lim supCn = B∪C. This implies thatD ⊂ B∪C, which is a contradiction. Therefore,
Cn is a bounded closed subinterval of S, for almost every n. Similarly, Dn and En are
bounded closed subintervals of S, for almost every n. Since each of these subintervals
contain bn, we may assume without loss of generality that Cn ⊂ Dn ∪ En for infinitely
many n. Then, taking the limit, B ∪ C ⊂ B ∪D ∪ E. This implies that C ⊂ B ∪D ∪ E.
This contradiction shows that X is atriodic. 2
As a consequence of Theorem 6.2 and Corollary 5.2 we have the next theorem.
G. Acosta, A. Illanes / Topology and its Applications 102 (2000) 151–162 159
Theorem 6.3. Any metric compactification of S with the property of Kelley has the
property of Kelley hereditarily.
7. Mappings
In [11, 16.38] Sam B. Nadler asked the following question: what kind of mappings
preserve property of Kelley? We may ask the same, but with the property of Kelley
hereditarily, i.e., what kind of mappings preserve the property of Kelley hereditarily?
Concerning Nadler’s question, in [14, Theorem 4.3] Wardle proved that property of Kelley
is preserved by confluent mappings. Recall that a surjective mapping f :X→ Y between
continua X and Y is said to be confluent provided that for each subcontinuum B of Y and
each component C of f−1(B) we have f (C)=K (see [2]).
Using Wardle’s result we have the following theorem.
Theorem 7.1. Confluent mappings preserve the property of Kelley hereditarily.
Proof. Let f :X→ Y be a confluent mapping. Suppose that X has the property of Kelley
hereditarily. Let Z be a subcontinuum of Y . Fix a componentK of f−1(Z). Then, by [10,
Lemma 13.38] the map f |K :K→ Z is confluent. Since K has the property of Kelley, by
[14, Theorem 4.3], Z has the property of Kelley. 2
8. Hyperspaces and products
Concerning hyperspaces and the property of Kelley, the following problems remain open
(see [7]):
– If X has the property of Kelley, does C(X) has the property of Kelley?
– If 2X has the property of Kelley, does C(X) has the property of Kelley?
For property of Kelley hereditarily the situation is completely different as we see in the
following theorem:
Theorem 8.1. For any continuum X, 2X and C(X) does not have the property of Kelley
hereditarily.
Proof. It is easy to check that the Hilbert cube, the square I × I and the harmonic fan
(the harmonic fan is the set of points of the plane of the form (x,αx) where x ∈ I
and α ∈ {0,1,1/2,1/3,1/4, . . .}) do not have the property of Kelley hereditarily. By [9,
Theorem 5.1], 2X contains a copy of the Hilbert cube.
If X is hereditarily indecomposable, then C(X) contains a copy of the harmonic fan
[11, Theorem 1.73] and if X contains a decomposable subcontinuum, then C(X) contains
a copy of the square I × I [11, Theorem 1.145]. Then it follows that neither 2X nor C(X)
have the property of Kelley hereditarily. 2
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In [14], Wardle studied the property of Kelley for products. He proved [14, Corol-
lary 4.6] that if the product of two continua has the property of Kelley, then each factor
space has the property of Kelley. He also showed a continuum X such that X has the
property of Kelley but X×X does not have the property of Kelley [14, 4.7].
Concerning property of Kelley hereditarily for a product space we have the following
theorem.
Theorem 8.2. The product space X × Y of nondegenerate continua X and Y does not
have the property of Kelley hereditarily.
Proof. Suppose thatX×Y has the property of Kelley hereditarily. Fix two points a, b ∈X
(a 6= b) and one point y ∈ Y . Let L be a subcontinuum of X, irreducible between a and b.
Let (yn)n be a sequence of points in Y such that yn→ y , yn 6= y for each n and yn 6= ym if
n 6=m.
Let (Ln)n be a sequence of proper subcontinua of L such that Ln → L and a ∈ Ln
for each n (this sequence can be constructed using, for example, order arcs [11, Theorem
1.8]). Let A= {a}×Y , B = {b}×Y , C = L×{y} and for each positive n, Cn = Ln×{yn}.
Notice that A∩B = ∅, B ∩Cn = ∅= C ∩Cn for each n and Cn ∩Cm = ∅ if n 6=m. Let
Z =A∪B ∪C ∪
( ⋃
m∈N
Cm
)
.
It is easy to see that Z is a subcontinuum of X× Y . Notice that B is a subcontinuum of
Z containing point (b, y). Since b ∈ L = limLn there exists a sequence (bn)n in X such
that bn→ b and bn ∈ Ln for each n ∈N. Then (bn, yn)n is a sequence in Z converging to
(b, y). Since Z has the property of Kelley at the point (b, y) there is a sequence (Bn)n in
C(Z) such that Bn→B and (bn, yn) ∈Bn for each n ∈N.
Since B is not contained in A ∪ C ∪ (⋃m∈NCm) there exists N ∈ N such that Bn
is not contained in A ∪ C ∪ (⋃m∈NCm) for every n > N . Given n > N , Bn ∩ B 6= ∅
and Bn ∩ Cn 6= ∅, this implies that Bn ∩ A 6= ∅. It follows that B ∩ A 6= ∅ which is a
contradiction. ThereforeX× Y does not have the property of Kelley hereditarily. 2
9. Whitney properties
Recall that a mappingµ :C(X)→ I is a Whitney map provided thatµ(X)= 1,µ({x})=
0 for each x ∈X and µ(A) < µ(B) if A( B . Recall also that if P is a topological property
then
(1) P is said to be a Whitney property provided that whenever a continuum X has
property P , so does µ−1(t) for each Whitney map µ :C(X)→ I and each t ,
06 t < 1 (see [11, pp. 399–424]).
(2) P is said to be a sequentially strong Whitney-reversible property if whenever X is a
continuum such that there is a Whitney map µ :C(X)→ I and a sequence (tn)n in
(0,1) such that tn→ 0 and µ−1(tn) has property P for each n, then X has property
P (see [6, p. 233]).
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In [14, p. 295] Wardle asked if the property of Kelley is a Whitney property. Kato
in [7] gave some partial answers but the general problem is still open. In [14, p. 295],
Wardle proved that the property of Kelley is a Whitney property for X hereditarily
indecomposable. Since being hereditarily indecomposable is a Whitney property [11,
Theorem 14.1] and the hereditarily indecomposable continua have the property of
Kelley [11, Theorem 16.27] and therefore the property of Kelley hereditarily, it follows
that the property of Kelley hereditarily is also a Whitney property for X hereditarily
indecomposable.
If X is the simple triod and µ :C(X)→ I is a Whitney map, then for every t ∈ (0,1),
µ−1(t) contains a 2-cell. Therefore the property of Kelley hereditarily is not a Whitney
property. Nevertheless it would be interesting to know the answer of the following
questions.
Question. Is the property of Kelley a Whitney property for the class of atriodic continua?
(Compare with Question 34.2 of [6].) Is the property of Kelley hereditarily a Whitney
property for the class of atriodic continua?
In [6, Theorem 50.4] it is proved that the property of Kelley is a sequentially strong
Whitney-reversible property. Using this fact it is easy to prove that property of Kelley
hereditarily is also a sequentially strong Whitney-reversible property.
10. Homogeneous continua and property of Kelley hereditarily
Recall that a continuumX is homogeneous provided that for each two points p and q in
X, there exists a homeomorphism h :X→X such that h(p) = q . Wardle showed in [14,
Theorem 2.5] that homogeneous continua have the property of Kelley. Notice that there
are homogeneous continua with the property of Kelley hereditarily (like solenoids) and
homogeneous continua without the property of Kelley hereditarily (like a sphere). Then it
would be interesting to know the answer of the following question.
Question. Find necessary and sufficient conditions on a homogeneous continuum X in
order that X has the property of Kelley hereditarily.
As a consequence of Corollary 5.2 and [14, Theorem 2.5] we have the following
theorem.
Theorem 10.1. Each atriodic homogeneous continuum has the property of Kelley
hereditarily.
Question. If X is a homogeneous continuum with the property of Kelley hereditarily, is
X atriodic?
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